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In the framework of the state-specific expansion approach, we have solved nonperturbatively the time-
dependent Schrödinger equation for systems involving the time-dependent excitation of nonstationary states by
hypershort one or two electromagnetic pulses. The related problems concern the quantitative determination of
the consequences of strong electron correlation in excited atomic states of the discrete or of the continuous
spectrum. As prototypical applications we chose the time-resolved coherent excitation and decay of the 2s-hole
1s22s2p63s23p 1,3P0 Auger states of aluminum, where dominant channels representing one- as well as two-
electron continua are taken into account, and the preparation of nonstationary states and the subsequent
electron correlation beats in Al and in N3+. Calculations for the problem of coherent inner-hole ionization and
Auger decay in Al account for the effect of interference coming from the presence of the channel of direct
two-electron ionization. The result is that for the Al+ 1P0 channel the Auger electron distribution is asymmetric.
On the contrary, for the Al+ 3P0 channel the contribution of the direct two-electron ionization is weak and the
corresponding Auger distribution is essentially symmetric. The intensities used were weak, so as to avoid shifts
and to render high order processes beyond those in resonance or near-resonance essentially negligible. As a
result, the transition probabilities are very small, a result that ought to guide experimental work. For example,
for intensity 8.75�1011 W/cm2 the percentage of initial state population that ionizes is 0.02%. In spite of the
overall reasonable approximations and size reductions, for the Al problem the system of coupled integrodif-
ferential equations that had to be solved contains more than 300,000 basis wave functions.
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I. INTRODUCTION

Recent results of ab initio calculations that solve nonper-
turbatively the time-dependent Schrödinger equation �TDSE�
describing the interaction of real atomic states with electro-
magnetic pulses of short wavelength �of the order of tens of
eV or higher�, and of short and hypershort duration �of the
order of tens of femtoseconds �fs� down to attoseconds �as��,
indicate that it is possible to prepare excited nonstationary
atomic states in such a way as to be able to identify quanti-
tatively effects of electron correlation and rearrangement
�e.g., autoionization� that are time-resolved within hyperfast,
but experimentally feasible, time ranges �1–4�. The theory
and calculations of �1–4� were concerned with problems that
were formulated around the spectrum of the helium atom,
with the initial state being either the ground state or one of
the low-lying excited discrete ones.

As regards our work �1–3�, the first two papers, �1,2�,
dealt mainly with the exploration of the possibility of coher-
ently exciting and of time-resolving on the attosecond scale
effects of superpositions of states that are coupled via strong
electron correlations. Quantitative results on time-resolved
quantities such as electron correlation beats �ECB�, autoion-
ization, or geometrical rearrangements of electron pairs were
reported. Paper �3� analyzed systematically and quantita-

tively the time resolution of the formation of the asymmetric
photoabsorption profile of the He 2s2p 1P0 resonance state, a
possible phenomenon whose relevance to attosecond physics
was proposed by Wickenhauser et al. �5�. The basic theoret-
ical framework and computational tool for these types of
computations and analyses were introduced in �6�, under the
name of “state-specific expansion approach” �SSEA�.

Over the years, quantitative results of ab initio calcula-
tions regarding the nonperturbative time-dependent descrip-
tion of the interaction of laser pulses with atoms have been
mostly restricted to the use of models or of one-electron
approximations. However, as in the case of the less complex
time-independent many-electron problem for stationary
properties, it is preferable that the subject of the ab initio
solution of the TDSE for pulse-induced processes is tackled
at a more sophisticated and reliable level. Furthermore, it is
obviously desirable for the theoretical method to be appli-
cable in a practical and economic way to any type of initial
state and not just to states whose zero order wave functions
are single determinantal, as are the cases of, say, He or Mg.
�References for such methods can be found in �4,6��. This is
clearly a desideratum for experiment as well, if progress is to
be characterized by new information on a variety of real
systems. For example, only a small part of what one learns
about control or about the effects of electron correlation from
the experimental and/or theoretical studies of the interaction
of the He 1s2 1S ground state with a strong electromagnetic
pulse, can be transferred to other systems. In other words,
just as in the case of the decades-old time-independent
many-electron problem and the chasm between the many-
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body problem for He and that for other larger atoms, espe-
cially in excited states, even a good calculation on the system
“laser pulse—He 1s2 1S” cannot help very much in under-
standing quantitatively field-induced phenomena exhibited
by arbitrary ground or excited states of other atoms across
the Periodic Table.

The present paper constitutes yet another type of contri-
bution to the nascent field of theoretical-computational hy-
perfast time-resolved spectroscopy of highly excited �wave-
packet� states in the discrete and the continuous spectrum in
which the multifaceted effects of electronic structures and of
electron correlation can be probed. This time, the atomic
systems have more than two electrons. In the context of the
SSEA, one of the added complexities compared to those of
the He calculations is due to the requirement of handling the
solution of time-dependent many-electron problems �TD-
MEPs� that involve the simultaneous presence of single- and
double-electron continua. On the other hand, the issue of
accounting for the term-dependent electronic structures and
localized electron correlations in polyelectronic systems does
not constitute an intrinsic and practical difficulty, since this
problem has already been solved in the context of the SSEA
�6�.

As in previous applications of the SSEA, no empirically
fit models are used in order to achieve the quantitative solu-
tions of the relevant TDMEPs. We expect that, in view of the
validity of the herein overall methodology for understanding
and solving many-electron problems to a physically reliable
degree of accuracy, the new results ought to provide useful
information as to the scales of time resolution of the various
effects of strongly correlating electrons in the discrete and
the continuous spectra.

The problems that were tackled are described in Sec. III
and the corresponding results are included in Sec. IV. We
start in the next section by briefly reviewing and justifying
elements of the SSEA.

II. BRIEF REVIEW OF KEY FEATURES OF THE
STATE-SPECIFIC EXPANSION APPROACH

TO THE SOLUTION OF THE TIME-DEPENDENT
SCHRÖDINGER EQUATION

The SSEA implements basic quantum mechanical formal-
ism and draws from knowledge on the solution of the time-
independent Schrödinger equation �TISE� for stationary
states of the discrete and of the continuous spectrum.

Specifically, the proposal in the SSEA is to capitalize on
the experience of computing state-specific nonrelativistic or
relativistic wave functions for stationary states. These in-
clude wave functions with simple as well as with complex
electronic structures, such as the heavily mixed valence-
Rydberg-scattering states �where autoionizing states also be-
long�. According to the theory and justification published
elsewhere, e.g., �7–10� and references therein, the form of
these wave functions is compact and essentially the same,
irrespective of the states that they represent. This fact renders
their use in solving the TDSE �without unnecessary dis-
counts�, practical and economic. Thus, the nonperturbative
solution of the TDSE is obtained �via a robust Taylor expan-

sion technique �6��, by converting the linear TDSE into a
system of coupled integrodifferential equations that result
from the substitution in the TDSE of the expansion

�SSEA�t� = �
m

am�t��m�q� + �
0

dEcE�t�UE�q�,r� . �1�

The �m�q� are state-specific square-integrable wave func-
tions representing the discrete states and the localized com-
ponents of the inner-hole or multiply excited resonance
states, and the UE are scattering wave functions normalized
to ��E−E��. The symbols q ,q� stand collectively for the co-
ordinates of the bound electrons. The symbol r stands for the
coordinate�s� of the free electron�s�.

The wave functions in Eq. �1� are expressed as superpo-
sition of configurations �SoC�, where both numerical and
analytic orbitals, suitably optimized, enter. It is pointed out
that the form �1� and its utilization in the SSEA methodology
is also valid and practical in the relativistic electronic struc-
ture framework �11� that may be necessary for electron dy-
namics taking place in atomic fields with high effective
nuclear charges.

It is now important to explain and justify the choice and
computation of the terms in Eq. �1�, since this is fundamental
to the overall solution of the various TDMEPs.

The square integrable wave functions representing the
discrete states and the localized parts of the autoionizing
states over which the system evolves are obtained as a su-
perposition of symmetry-adapted configurations in the form

��q� = c0�0�q� + �
n

cn�n�q� . �2�

The �0�q� is an analytic or numerical state-specific Hartree-
Fock �HF� or multiconfigurational HF �MCHF� square-
integrable wave function, constituting the zero order ap-
proximation to the exact eigenfunction. The choice depends
on the state under consideration. The terms in �ncn�n�q�
represent the remaining contributions from interelectronic in-
teractions that contribute to the energy and the square-
integrability of ��q�. Their choice is based on theory and
their calculation is carried out variationally in terms of ana-
lytic correlation orbitals, normally via nonorthonormal con-
figuration interaction �CI�.

The form �2� is known from the very large number of
publications on the time-independent many-electron problem
for ground or low-lying excited stationary states of atoms
and molecules. The difficulties in this area are mainly those
of computational logistics regarding the possibility of pro-
cessing huge numbers of determinantal basis functions rep-
resenting electron virtual excitations and of related interac-
tion integrals.

On the other hand, for the infinity of unperturbed Rydberg
and multiply excited states, and, especially for the perturbed
such states and for various types of resonances in the con-
tinuous spectrum, the use of the form �2� had to be justified
and tested within frameworks of theories and methods that
differ significantly from those that are suitable for, say, the
ground states. For such excited states, the form �2� may
present formal and practical difficulties that have to be tack-
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led reliably and consistently rather than be swept under the
rug. For example, problems and questions arise that have to
do with the presence of a finite or an infinite number of states
of the same symmetry below the ones of interest, or with the
presence of near degeneracies with other bound configura-
tions and with one or more scattering continua. Anyway, the
use of numerically computed HF or MCHF wave functions
for excited discrete states and for inner-hole �multiply ex-
cited� autoionizing states may today be regarded as a reason-
ably understood approach to the zero order description of
resonance states. To this purpose, one may use, as we do, the
code published by Froese-Fischer �12�. Yet, this choice does
not guarantee easy or successful convergence, considering,
among other things, the fact that the HF equations are de-
rived from variational theory and that most of the quasilocal-
ized excited states in the continuous spectrum, whether ob-
served yet or not, must be labeled by a superposition of
strongly mixing open subshell configurations. In fact, about
three to four decades ago, the use of HF-based polyelectronic
theories and calculations were confined to ground or, in a
few exceptions, to low-lying excited discrete states.

It is then evident that the adoption of the form �2� for such
states must be justified as regards the feasibility of the cal-
culation of both �0�q� and �ncn�n�q� of Eq. �2� in all cases.
For resonance �autoionizing� states, the incorporation of the
many-electron form �2� into a theory and computational
treatment was introduced in �7� �see also �8–10� for exten-
sions and various applications�, by focusing on the existence
of N-electron state-specific localized solutions �notwithstand-
ing the possibility of different solutions due to multiple local
energy minima�.

The end result of the research program of combining
state-specific many-electron methodology with theory that is
appropriate for highly excited states in the discrete and in the
continuous spectrum, is the practical possibility of analysis
and efficient computation of a variety of properties and pro-
cesses involving N-electron closed or open �sub�shell states,
where N may be larger than two. As an example, we mention
the treatment of highly mixed excited states that was initiated
in the early 1980s, whereby the state-specific form �2� was
incorporated into theories of diffuse resonance states with
open subshells and large widths, e.g., �13�, and of perturbed
spectra via a CI-based multichannel quantum defect theory
�10,14�. As in Seaton’s theory of the quantum defect �15�,
which depends on a pair of analytic forms of regular and
irregular Coulomb functions, the theory of �10,14� produces
energies, quantum defects, and phase shifts. In addition, it
produces SoC wave functions that are directly usable in CI-
type calculations of matrix elements of the Hamiltonian and
of other operators.

Having obtained the square integrable �0�q�, the
�ncn�n�q� term is computable variationally. Depending on
the symmetry, position, and structure of the state, the �n�q�
may or may not require serious computation of electron cor-
relation. For example, if a numerical procedure is adopted,
for unperturbed Rydberg states of high quantum numbers the
important difficulty comes only from the necessity of nu-
merical accuracy in the asymptotic region, unless the core is
“soft” and influenced by electron correlations. If �0�q� is a
numerical MCHF wave function �12�, as is normally the case

with our state-specific computations, the correlation configu-
rations �n�q� contain numerical MCHF orbitals as well as
energy-optimized analytic virtual orbitals. Here we note that
for states without problems of strong near degeneracies, the
form �2� can in principle be replaced by a large expansion of
a purely MCHF wave function. For example, such large ex-
pansions were employed by Brage, Froese-Fischer, and
Vaeck for the computation of energies and golden-rule
widths of a few two- and three-electron autoionizing states
�16�.

Finally, there is the category of the UE�q� ,r� scattering
wave functions, which constitute the orthonormal basis for
the continuous spectrum. In our work, these are energy-
normalized numerical functions. Their core is, in general,
represented by a sufficiently correlated bound wave function,
to which the scattering orbital of the free electron�s� is
coupled to form a symmetry-adapted N-electron scattering
wave function. The scattering orbital is obtained numerically
at each desired value of the free electron energy, by solving
the relevant frozen core HF equations, as prescribed by Bates
�17�. The core may be a single configuration or may contain
one or two major correlation corrections. When interchannel
coupling has to be accounted for, CI in the framework of
K-matrix scattering formalism can be applied, using as basis
sets the UE�q� ,r� �10,14�.

As regards the atom-field interaction, normally the elec-
tric dipole approximation is used. �However, see �18� for
theory and applications involving the full multipolar interac-
tion Hamiltonian.�

As the time integration of the TDSE proceeds, i.e., as the
determination as a function of time of all the coefficients in
Eq. �1� proceeds, the resulting �SSEA�t� is obtained at the
level of accuracy that is appropriate for each problem of
interest. A good calculation yields a �SSEA�t� that contains
the physically important information for the self-consistent
fields of each stationary state and for the corresponding near
degeneracies, electron correlations, and multichannel cou-
plings. Convergence is tested by varying the total number of
the states in Eq. �1�, especially with respect to the range and
density of the energy-discretized continuum.

Once �SSEA�t� is obtained, its form is such that
�a� It is directly usable for further computation and analy-

sis. For example, it can easily be projected on appropriately
chosen stationary state wave functions in order to determine
observable quantities.

�b� It exhibits clearly the interplay between dynamics and
the electronic structures of the states over which the system
evolves. The time-dependent coefficient of each state-
specific wave function, whether in the discrete or in the con-
tinuous spectrum, can be reliably interpreted as a probability
amplitude for that state, according to the rules of quantum
mechanics.

III. STATES AND EXCITATION-DECAY SCHEMES
STUDIED IN THIS WORK

The laser pulse-induced coherent excitation-decay
schemes on which we report here are described in �i� and �ii�
below. For case �i�, the excitation step is induced by the
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simultaneous application of two pulses. Trial calculations in-
dicated that, for the parameters of these problems, phase
variation does not have a significant effect on the results.

�i� Two prototypical cases for the exhibition of ECBs in
polyelectronic atoms. We start by stressing that the ECBs
yield information not only about the frequency of oscillation
but also about the wave-function characteristics of the time-
dependent superposition for each system of interest. These
ought to leave their fingerprints on the results of the probe
step of the overall pump-probe delay measurement. This fea-
ture is analogous to situations in time-independent spec-
troscopies �e.g., high resolution photoelectron spectroscopy�,
where the combination of experimental and theoretical infor-
mation leads to the recognition and interpretation of state-
specific and excitation-specific properties and processes.

The previous statement is clearly supported by the follow-
ing simple consideration. Let us assume that a two-
component time-dependent superposition is projected onto
an arbitrary vector, �u�. In general, the overlaps are nonzero.
Specifically, suppose we consider the Al case �see Eq. �5�
below�, and write the superposition of an autoionizing state
of complex energy z1=E1− i 1

2�, and a discrete state of real
energy E2, which is created at the end of the pump stage, as
��t�=c1e−iz1t ��1�+c2e−iE2t ��2���=1�. � is the width of the
resonance state. Let the occupation amplitudes be c1
=�1e−i	1 and c2=�2e−i	2, and the overlaps of each component
with �u� be s1= 	u ��1� and s2= 	u ��2�. Then, the correspond-
ing survival probability is

P�t� 
 �	u���t���2 = e−�t�1
2s1

2 + �2
2s2

2

+ 2e−��/2�t�1s1�2s2 cos��E2 − E1�t + �	2 − 	1�� .

�3�

The expression �3� refers to a possible result from the time-
resolved probing of the superposition. Therefore, the last
term contains information not only about the frequency but
also about the wave-function constitution. In principle, the
qualitative and quantitative features of this information could
be explored by comparing the theoretical results to possible
pump-probe measurements.

�a� The four-electron ionic state N3+ 1s22s2p 1P0. The
initial state is the N3+ 1s22s2p 1P0 excited state, which is
assumed prepared, say via the electric dipole transition

N3+ 1s22s2 1S→
h


1s22s2p 1P0. Two pulses interact with it so
as to produce transitions downwards, to 1s22s2 1S, and up-
wards to the position of 1s22p2 1S as follows:

N3+ 1s22s2p 1P0�
+h
��pulse�→N3+ 1s22p2 1S

+h
�pulse�→N3+1s22s2 1S
. �4�

It is the consequence of the nonstationary superposition of
the 1s22s2 1S and 1s22p2 1S configurations that has been
studied here. Contrary to the previous case of He �1–3�,
where the two excited states are autoionizing, here the ECB
involves two discrete states, of which one is multiply excited
and the other is the ground state. As before, it is found that,
as prepared, these nonstationary states also undergo ECBs in
the attosecond range. The choice of an ion, i.e., of a system
with an increased effective nuclear charge, was made so as to

have a spectrum that matches better the large photon ener-
gies, which are associated with the production of attosecond
pulses from high energy harmonic spectra. In the scheme �4�,
the experimental �19� photon energies of the simultaneously
applied pulses are 16.20 and 12.98 eV, respectively.

We end by recognizing that any future experiment aiming
at combining hyperfast pump-probe delay techniques with
beams of atomic ions will have to use pulses whose intensity
is sufficient to overcome the difficulties created by the low
density of such beams. Perhaps, pulses from new sources,
such as free-electron lasers, may prove suitable.

�b� The thirteen-electron bound state Al KL3s3p2 2P. For
this system, we have studied aspects of the excitation and
correlation of the three-electron valence electrons of Al in
the self-consistent field of the core electrons. The initial state
Al KL3s3p2 2P is reachable from the ground state
Al KL3s23p 2P0, say via photoabsorption. It lies 8400 cm−1

above the Al+ KL3s2 threshold �19�. Yet, symmetry restric-
tions forbid its autoionization and so it belongs to the dis-
crete spectrum. The excitation-deexcitation scheme induced
by the pulses is

Al KL3s3p2 2P�
+h
��pulse�→Al KL3p3 2P0
+h
�pulse�→Al KL3s23p 2P0

. �5�

Of the two states that are excited coherently, one is discrete
�the ground state� and one is autoionizing. For the latter,
which is labeled by the doubly excited KL3p3 2P0 configu-
ration, no previous knowledge as to its existence and prop-
erties existed. It turns out that it has a very short autoioniz-
ation lifetime, of the order of 10−15 s, which is appropriate
for considerations concerning hyperfast �a few hundreds of
attoseconds� measurements.

�ii� Coherent time-dependent excitation and decay of
inner-hole states. Continua with one and two free electrons.
Application to Al. Let us assume that we are dealing with a
neutral atom. Pulses of high photon energies can photoeject
an electron from an inner subshell of an atomic state. The
inner-hole excited configuration is normally in the atom’s
continuous spectrum of one or more free electrons, and
therefore it gives rise to one or more autoionizing states, LS
coupled or otherwise. Even if it is a single inner electron that
is ejected, the overall physics is affected by the different
structures, self-consistent fields, and electron correlation ef-
fects of initial and final states. For properties described in the
time-independent framework, this fact was demonstrated de-
cades ago, although their accurate computation is still a de-
manding problem.

Things become more interesting, and more complicated,
when these processes are viewed through the prism of time-
dependent coherent excitation and evolution. A particular
feature of the corresponding physics, i.e., the Auger decay,
was recently time resolved in the pioneering XUV pump-
laser probe experiments of Drescher et al. �20� on Krypton.

From the point of view of theory, the phenomenon of the
time-resolved Auger decay was first computed from first
principles for a few prototypical nonstationary atomic states
about a decade ago �21�. In that work, as with all theoretical
work on decaying states, it was assumed that decay is decou-
pled from the excitation step. On the other hand, the coherent
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time-resolved excitation and exponential decay is present in
the predictions of �1,2� as well as in the present work.

For a fast pump-probe delay interaction time and a short
autoionization lifetime, the consequent physics must have
some dependence on the coherent superposition of the rel-
evant amplitudes of excitation �ionization� and decay. In the
simplest case, the open channels involve one- as well as
two-electron continua. On the other hand, in the time-
dependent coherent excitation-decay process in helium that
was first studied in �1,2�, there is no two-electron continuum.

Recently, Kazansky and Kabachnik �22� presented results
of calculations on aspects of the coherent process of ioniza-
tion decay of the Ne 1s shell. �The ionization energy is
870 eV �23�, i.e., it is too large for the current attosecond
pulse technology�. The theoretical treatment was based on
approximating in various ways the relevant accurate wave
functions and the solution of the coupled time-dependent

equations. Apart from the lack of good orbital functions and
of electron correlation in initial and final states, one of the
approximations used in �22� is the neglect of the direct ion-
ization into the two-electron continuum into which the Auger
state is embedded and of the exploration of the effects of the
consequent amplitude superpositions. The theory and com-
putations that were implemented via the SSEA in the present
work, have solved the problems that are related to the above
complexities with sufficient accuracy. Actually, in the next
section we report results showing the effect of neglecting the
direct excitation to the two-electron continuum.

As a system which is computationally tractable and which
might be a good candidate for experimental work since the
energy differences are realistic, and which involves an
open—rather than a closed—�sub�shell initial state, we chose
the following �combination of A,B,C�:

�A� Al 1s22s22p63s23p 2P0 + h
 → �
Al+ 1s22s2p63s23p 1P0+�2p

Al+1s22s2p63s23p 3P0+�1p
,

�B� Al 1s22s22p63s23p 2P0 + h
 → Al2+ �1s22s22p53s2 2P0� � 1,3P0���p 2L, � = s,d, 2L = 2S, 2P, 2D

�C� Al+ 1s22s2p63s23p 3,1P0 ——→
Auger decay

Al2+ 1s22s22p53s2 2P0 + �̂ � .

The scheme �A,B,C� represents a possible coherent se-
quence of inner-hole creation via ionization of the 2s elec-
tron by an electromagnetic pulse and symmetry-restricted de-
cay into only two Auger channels, the Al2+ 1s22s22p5�2P0�
��3s2 1S��s, �d 1,3P0, caused by the electron rearrangement
�2p ,3p�→ �2s , �̂� �, �=s ,d. Because of symmetry and elec-
tronic structure, this sequence is much less complex than
other possible ones, such as the ones involving a 2p-hole
state or electron pair rearrangements of the type 2p3s↔2s�p
�rather than the 2p3p↔2s�d one�. The assumption that is
made in carrying out the relevant calculations is that the
magnitudes of the essential physics is not altered by inter-
channel coupling, which is therefore left out.

In process �A�, the 2s subshell of the ground state is ion-
ized by the electromagnetic pulse. In the electric dipole ap-
proximation, two final LS-coupled core states are reached,
each with its own self-consistent field and its own correlation
effects. �The approximation which is often made in various
types of calculations, namely, taking the same orbital and
N-electron functions for such multiplet terms, contains er-
rors�. The corresponding scattering orbitals are labeled by
�1p and �2p and are computed as term-dependent functions
in the fixed HF potential of the core.

In process �B�, the same pulse ejects two electrons, one
occupying the 3p orbital and one occupying the 2p orbital.
The pairs of uncorrelated orbitals representing the two free
electrons are labeled by ��d ,��p�. Other combinations of or-
bital angular momenta for scattering orbitals are left out, for

reasons of computational economy. The resulting two-
electron continuum is degenerate with the one created by �A�
and the subsequent Auger process �C�. In process �C�, the
Auger electron orbital is labeled by �̂� = �̂s , �̂d.

For the problem of interest here, the evolution is driven
by the coherent time-dependent superposition of the ampli-
tudes for �A�, �B�, and �C�. As already stated, additional
excitation-decay channels could, in principle, also be in-
cluded in �SSEA�t�. However, the calculation would become
huge, requiring considerably larger computational power,
without altering significantly either the physics that is dis-
cussed here or the essence of the theory and its methods.

IV. RESULTS OF CALCULATIONS

If, in attempting to solve the TDSE, the normal type of CI
with common basis sets were envisioned for each state �wave
functions and energies�, the overall calculations for the
schemes of Sec. III would seem formidable �if not impos-
sible�, especially for the inner electron ionization in Al, even
if the formalism for the incorporation of the scattering func-
tion spaces were available. However, things are made much
simpler and transparent in the context of the SSEA, and the
apparent size of calculation is reduced to acceptable levels
by considering three factors.

The first has to do with the fact that even at the zero order
level the wave functions are optimized in a state-specific
way. As a result, orbital relaxation and multiplet structure are
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accounted for. The small price one pays for this is the fact of
nonorthonormality �NON� of orbitals of the same symmetry
belonging to different configurations. On the other hand, ex-
plicit consideration of the NON that is due to the different
self-consistent fields facilitates convergence of the overall
calculation as well as the efficient computation of electron
correlation.

The second is the fact that the purpose of this calculation
is not to obtain quantities such as total energies with detailed
accuracy, since the physical relevance of such an objective as
regards the dynamics of the specific channels would be
weak.

The third factor follows from the previous two. It has to
do with the fact that by drawing from the experience of cal-
culations of electronic structures and stationary state proper-
ties, e.g., �6–10�, it is easy to understand a priori and antici-
pate the identity of the few configurations that play the major
role for the problems of interest. For example, for the old
problem of the ab initio calculation of electric dipole absorp-
tion oscillator strengths, where the requirements for accuracy
of the matrix element as compared to the experimental accu-
racy are rather high, it is known since the early 1970s that it
is not necessary to obtain very accurate solutions of the TISE
for initial and final states for the calculation of the transition
moment to be accurate. Instead, what is needed is to obtain
the correct coefficients of the most important for the transi-
tion process configurations, which are constructed from
state-specific orbitals ��8,9�, and references therein�.

It is in this spirit that the breakdown and reduction of the
TDMEPs treated in this work were applied. The first impor-
tant step is to decide on the types of amplitudes that are
needed, so as to have the correct terms in the trial expansions
in Eq. �1�. Then follows the calculation of only the major
characteristics of each wave function that is used in the ex-
pansion. This means that the calculation of the state-specific
wave functions �2�, which enter in the SSEA, may involve
either one or only a few symmetry-adapted configurations,
rather than a large expansion that is needed for a very accu-
rate calculation of the total energy.

A. Results for (a)

The state-specific wave functions for the case of
N3+ 1s22s2p 1P0 were calculated via the MCHF method.
Only six configurations were included, since the interest here
is in the main configurations representing each state and in
the energy differences. The important element in the calcu-
lation is the numerical accuracy of the orbitals and of the CI
coefficients. These are not affected significantly by addi-
tional correlation configurations that are important for the
total energy.

Since the objective for the SSEA calculation of the ECBs
is to engage the main configurations only, the results of the
state-specific computations show that the relevant wave
functions are well represented by the following two-term ex-
pressions:

�initial�
1P0� = 0.992�1s22s2p� − 0.122�1s22p3d� + ¯ , �6a�

�ground�1S� = 0.964�1s22s2� + 0.263�1s22p2� + ¯ ,

�6b�

�excited�1S� = 0.959�1s22p2� − 0.264�1s22s2� + ¯ .

�6c�

The calculated energy differences �from the six-configuration
MCHF results�, which were used in the overall SSEA calcu-
lations, are ��=16.52 eV and ���=13.06 eV. �As already
stated, the experimental ones are ��=16.20 eV and ���
=12.98 eV�.

The polarization of the two laser fields was chosen to be
linear, along the z axis. The field strength is, in a.u.,

F�t� = g�t��F cos��t� + F� cos���t�� , �7�

where g�t� is the envelope of the pulse, having the trapezoi-
dal shape

g�t� =�
t

Trise
, 0  t  Trise,

1, Trise  t  Trise + Tflat,

1 −
t − Trise − Tflat

Tof f
, Trise + Tflat  t  Trise + Tflat + Tof f .

�8�

According to the SSEA, the time-dependent solution of the
TDSE is written as

�SSEA�t� = xin�t���initial

1P0

� + xgr�t���ground

1S � + xexc�t���excited

1S � .

�9�

The above time-dependent coefficients are obtained by solv-
ing the coupled equations subject to the initial conditions
xin�t=0�=1, xgr�t=0�=xexc�t=0�=0.

Figure 1 depicts the time-dependent occupation probabili-
ties for the configurations 1s22s2 and 1s22p2 1S, during and
after the laser-ion interaction period. The pulse duration was
chosen to be 152 fs, with Trise=Tof f =12 fs, and the intensity
was I=8.75�109 W/cm2.
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In accordance with our earlier results on the strongly cor-
relating 1P0 doubly excited states of He �1,2�, the oscillation
period between the strongly correlated configurations 1s22s2

and 1s22p2 1S is of the order of only 134 as. This fact can be
read off the inset of Fig. 1, where the occupation probabili-
ties after the laser ion interaction period are shown. The
wave function and frequency information from these oscilla-
tions could in principle be recorded by projecting the inter-
acting configurations on scattering states or, on the bound
2s3p, 2p3s, 2p3d 1P0 states, where, due to orbital orthogo-
nalities, only the first is accessible via the 2s2 configuration
and the other two via the 2p2 one. To this end, the probe
pulses should be in the attosecond scale and in harmony with
the variation of the pump-probe time delay.

B. Results for (b)

The main configurations of the three states involved in the
Al KL3s3p2 2P scheme were

�initial�
2P� = 0.963�KL3s3p2� − 0.199�KL3p2 1D�3d + ¯ ,

�10a�

�ground�2P0� = 0.979�KL3s23p� − 0.201�KL3p3� + ¯ ,

�10b�

�autoion�2P0� = 0.950�KL3p3� + 0.165�KL3s23p� + ¯ ,

�10c�

where the corresponding energy differences from the initial
bound state are 0.2473 a.u. and 0.2282 a.u.

A comment on the autoionizing state Al 1s22s22p63p3 2P0

is in order here. To the best of our knowledge, this doubly
excited state has not been observed or computed before. Our

calculations show that it is a resonance state, lying about
2.3 eV above the KL3s3p 3P0 threshold of Al+. In order to
carry out the solution of the TDSE for the present purposes,
we obtained its position as well as its width. The theory and
methodology that were implemented for the computation of
these properties followed our earlier work, e.g., �13�. The
first step is the state-specific calculation of the localized
wave packet �0 and of its energy E0. The energy is com-
puted variationally subject to suitable constraints and to the
satisfaction of the virial theorem, and is determined from its
optimal position in a local minimum inside the continuous
spectrum. Given the objective of the overall calculations,
only the essential electron correlation in the three valence
electrons was computed. The main MCHF configurations
were the 3p3, 3s23p, and 3p3d2. To these, singly and doubly
excited configurations were added, with optimized virtual or-
bitals up to f symmetry.

The information on the decay of this resonance state to
the Al �KL3s3p 3P0��d 2P0 and �KL3s3p 3P0��s 2P0 con-
tinua could have been obtained within the SSEA to the solu-
tion of the TDSE, by including explicitly the scattering wave
functions, as it was demonstrated in our previous papers
�1,2�. However, for reasons of computational economy we
chose to use in the state-specific expansion a complex en-
ergy, by adding to E0 an imaginary part representing the
decay width. The width was calculated from the energy-
dependent golden rule-type formula used previously �see Eq.
�14� of �13�a���, assuming the independent channel approxi-
mation. Going beyond a first order �energy-independent�
golden rule-type calculation, requires taking into account the
recoupling of the higher roots of 2P0 symmetry, which is
caused by the interaction with the open channel. These roots
result from the diagonalization of the Hamiltonian in the
space of 2P0 wave functions. As a consequence, the mixing
coefficients in the expansion of the �autoion�2P0� wave func-
tion become energy dependent. As anticipated from the elec-
tron correlation rule of symmetric exchange of orbital sym-
metry �SEOS�, e.g., �8,9,24,14�, the contribution of the �s
channel is about two orders of magnitude smaller than that of
the �d channel. The result for the width is �=0.0145 a.u.,
implying that this state has the very short lifetime of about
1.7 fs.

Regarding now the SSEA calculation, the polarization of
the two laser fields was chosen to be linear, along the z axis.
Their temporal shape is as in Eqs. �7� and �8�, with �
=0.2473 a.u. and ��=0.2282 a.u.

The calculated oscillations of the occupation probabilities
of the KL3p3 2P0 and KL3s23p 2P0 configurations, during
and after the laser-ion interaction period, are shown in Fig. 2.
They have a period of 320 as, i.e., the effect of electron
correlation in this case is weaker than in the Ne3+ case. The
oscillations diminish quickly as time elapses, due to the very
short lifetime of the KL3p3 2P0 autoionizing state.

For the overall process to be efficient, the electromagnetic
pulses must be short compared to the lifetime of the autoion-
izing state. Indeed, the pulse was chosen to have a duration
of 605 as with Trise=Tof f =121 as. In addition, the pulse has
to be sufficiently strong. In our case, I=8.75�1011 W/cm2,
which is larger than the currently produced intensities of at-
tosecond pulses �25,26�. We recognize that, for higher inten-
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FIG. 1. Time-dependent occupation probabilities P�t� of the
N3+ 1s22s2 1S and 1s22p2 1S configurations during and after the
laser-ion interaction. The configurations are excited from the
N3+ 1s22s2p 1P0 state by two pulses of duration 152 fs, with inten-
sity I=8.75�109 W/cm2 and frequencies �=16.52 eV, ��
=13.06 eV. The black and gray curves correspond to the 1s22s2 1S
and 1s22p2 1S configurations, respectively. The inset depicts clearly,
for a short period after the laser-ion interaction, the oscillations of
the occupation probabilities between the configurations.
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sities, where the population transfer from the initial state will
be much larger than the 2% that corresponds to the above
intensity, the physically significant processes may involve a
larger number of Al states, including scattering ones. Never-
theless, the present calculations do reveal quantitatively the
essence of aspects of the time-dependent physics of excita-
tion and of electron correlations and autoionization decay in
strongly correlated states of polyelectronic states.

Again, as in the previous case, the information from these
oscillations could in principle be observed by projecting via
hyperfast pump-probe delay the nonstationary state on a
higher lying resonance state. Given that the attosecond
pulses have large frequencies, such a state would likely cor-
respond to a configuration with a hole in the 2s or the 2p
subshells. The overall measurement would then involve the
observation of emission of electrons from the inner-hole
state.

For process �ii� of Sec. III, in order to render the overall
calculation attractive from the point of view of computa-
tional effort, we had to reduce its overall magnitude while
keeping the parts that produce the important information for
this problem. To this effect, each physically significant wave
function entering in the expansion �1� was represented by a
state-specific HF function, thereby omitting terms represent-
ing the localized electron correlation of each state. Of course,
due to the Hamiltonian interaction matrix elements, a variety
of CI effects are automatically accounted for, while solving
the TDSE via the SSEA, including those causing the auto-
ionization �2p ,3p�→ �2s , �̂d�.

Therefore, based on the combination �A,B,C� of Sec. III,
the form of the �SSEA�t� was

�SSEA�t� = a�t��0�2P0� + �
0

d��
L

C3
L��,t���0

ion�3P0��p 2L�

+ �
0

d��
L

C1
L��,t���0

ion�1P0��p 2L�

+� � 0d�d���
L

D3
L��,��,t�

��„�0
ion�2P0��d…3P0��p 2L�

+� � 0d�d���
L

D1
L��,��,t�

��„�0
ion�2P0��d…1P0��p 2L� , �11�

where �0�2P0�, �0
ion�3P0�, �0

ion�1P0�, and �0
ion�2P0� are nu-

merical HF functions for the Al KL3s23p 2P0,
Al+ 1s22s2p63s23p 3P0, Al+ 1s22s2p63s23p 1P0, and
Al2+ 1s22s22p53s2 2P0 configurations, respectively. The cor-
responding energy differences from the ground state �0�2P0�
are, 4.686 a.u., 4.701 a.u., and 3.457 a.u.

The label L stands for S, P, and D symmetries. The
energy-normalized scattering orbitals are obtained numeri-
cally in the frozen core HF approximation. The orbitals ��p
and �d were obtained from two independent computations,
the first in the field of �0

ion�1,3P0� and the second in the field
of �0

ion�2P0�. No account for electron correlation in the two-
electron continuum produced by direct ionization was taken.
This type of possible interaction cannot change the essence
of the herein calculated phenomena.

The Hamiltonian has the form

H�t� = Hatom + V��,t� , �12�

where the field-atom interaction for the linearly polarized
pulse is taken as

V��,t� = zFg�t�sin��t� . �13�

g�t� has the trapezoidal temporal shape. The values of the
field strength F were taken to range from the weak-field
limit, where perturbation theory holds, to higher values
where large population transfer takes place from the Al
ground state.

The nonperturbative solution of the TDSE

�

�t
�SSEA�t� = �Hatom + V��,t���SSEA�t� �14�

is obtained by first converting the linear TDSE into a system
of coupled integrodifferential equations �use of expansion
�11��. The numerical method of solution is an appropriate
generalization of the Taylor expansion technique �6� that al-
lowed for the incorporation of the double continuum.

The Al+ 2s-hole state decays into the continua
1s22s22p53s2�� 1,3P0, �=s or d, during and after the inter-
action with the laser pulse and the matrix elements
	�0

ion�1,3P0��p 2L �Hatom � ��0
ion�2P0��� �1,3P0��p 2L� account

for autoionization. In the spirit of the SSEA, the terms rep-
resenting the 2p3p↔2s�s rearrangement were not included
in the final calculations since, for the 1P0 channel, which is
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P
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FIG. 2. Time-dependent occupation probabilities P�t� of the
Al KL3s23p and KL3p3 2P0 configurations during and after the
laser-ion interaction. The configurations are excited from the
KL3s3p2 2P discrete state of Al by two pulses of duration 605 as
with intensity 8.75�1011 W/cm2 and frequencies �=6.73 eV, ��
=6.21 eV. The black and gray curves correspond to the KL3s23p
and KL3p3 2P0 configurations, respectively. The latter configuration
labels an autoionizing state, for which calculations show its position
at about 2.3 eV above the KL3s3p 3P0 threshold of Al+ with a
lifetime of 1.7 fs.
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the most important �see Figs. 3�a� and 3�b��, the correspond-
ing matrix elements are one order of magnitude smaller than
the 2p3p↔2s�d ones.

In spite of the justifiable reductions to which we have
already referred, the system of coupled equations that must
be solved contains about one million state-specific terms, the
main requirement coming from the double electron con-
tinuum. For example, the number of terms in the system of
coupled equations that results from the expansion �11� is of

the order of one million, a fact which renders the numerical
problem nearly intractable. This obstacle was overcome via
the approximation that is discussed in the Appendix. Specifi-
cally, by taking advantage of the energy degenerate states
corresponding to the different total angular momenta 2S, 2P,
and 2D, we transform linearly the time-dependent coeffi-
cients, with the result that it is necessary to integrate a sys-
tem of “only” about 300 000 coupled equations.

Figure 3�a� shows the integrated �over the energy �� of
the ��p scattering orbitals�, differential ionization probability
of the Al �1s22s22p53s2�d�1P0��p continuum states as a
function of the energy � and of time t, arising from the
interaction of the Al ground state KL3s23p 2P0 with a
trapezoidal laser pulse of duration 450 a.u. �10.9 fs�
with Trise=Tof f =94 as. The frequency � of the pulse is
4.8508 a.u. �132 eV�, 4.1 eV above the 2s-holestate
�1s22s2p63s23p�1P0. This figure represents the first ab initio
theoretical-computational demonstration of the time-resolved
formation of the interference-induced asymmetric profile
during the creation of an inner-hole Auger state �3,5�.

At this point, it is appropriate to comment on the possible
presence of postcollision interaction �PCI�, e.g., �27�. This is
a special type of electron pair correlation effect in the con-
tinuous spectrum, whose significance has been known to be
important when the energy of the ejected photoelectron is
very close to threshold, say in the range 0–2 eV. Although
the exact energy range for PCI to influence the observables
depends on the system and on the property, it is reasonable to
assume that for photoelectron energies of �4.1 eV and an
Auger electron energy of 31.7 eV, as is the case in our prob-
lem, PCI cannot play an important role. We point out that the
inclusion of the PCI in the solution, from first principles, of
the TDSE for polyelectronic atoms in laser fields has not
been achieved yet. On the other hand, future experiments
could possibly measure not only the time-resolved formation
of the asymmetric Fano profile, but also the effect that the
PCI has on this, by choosing appropriate ionization frequen-
cies.

The results for the Al �1s22s22p53s2�d�3P0��p continuum
states are shown in Fig. 3�b�. In this case, the time-resolved
interference-induced profile is essentially symmetric. A main
reason for the difference between the two channels as re-
gards the profile is the following: In the case of the 3P0

channel, the interference of the independent paths to the two-
electron continuum, which in this case is the generating
mechanism of the asymmetric Fano profile, is not significant.
This is corroborated by the numerical fact that the electric
dipole matrix elements to the two-electron continuum in the
3P0 channel are two orders of magnitude smaller than the
ones for the 1P0 channel.

Figure 4 shows the differential ionization probability of
the Al continuum states, as a function of energy � and of
time t, for the process Al KL3s23p 2P0+h
�pulse�
→Al+ �1s22s2p63s23p�1P0�p. The exponential decay is
caused, mainly, by the strong interaction of the Al+ 2s-hole
state �1s22s2p63s23p�1P0, with the continuum states
Al2+ �1s22s22p53s2�2P0�d. The autoionization lifetime that
corresponds to this exponential decay is 5.7 fs.

The results given in Figs. 3�a� and 4 were obtained for the
magnetic quantum number M =0. In order to complete the
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FIG. 3. �a� Integrated, over the energy �� of the ��p scattering

orbital, probability distribution of the Al �1s22s22p53s2�d�1P0��p
continuum states as a function of energy � and of time t. The
Al ground state 2P0 interacts with a trapezoidal laser pulse of du-
ration 450 a.u. �10.9 fs�, frequency �=4.851 a.u. �132 eV�, and
intensity 8.75�1011 W/cm2. For this intensity, the percentage of
the initial state population that ionizes is very small, only 0.02%.
The Auger energy distribution exhibits a Fano-type asymmetry
with peak values at 31.7 eV. �b� As in �a�, but for the
Al �1s22s22p53s2�d�3P0��p continuum states. The Auger energy
distribution is essentially symmetric.
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picture, we have also obtained results for M = ±1. These are
shown in Figs. 5 and 6. It is seen that they are qualitatively
similar to those of Figs. 3�a� and 4, apart from small quan-
titative differences.

Concerning the issue of the two-electron continuum, we
also performed calculations similar in spirit to those of
Kazansky and Kabachnik �22�, meaning that the channel
of the direct ionization to the two-electron continuum into
which the Auger state is embedded was neglected. Figure 7
shows the differential ionization probability of the
Al ��1s22s22p53s2�2P0�d�1P0��p continuum states as a func-
tion of the energy � and of time t, after integration over the
energy �� of the ��p scattering orbital has been carried out. It

is clear that, in addition to quantitative differences, there are
qualitative differences that alter the physical picture. Specifi-
cally, the time-dependent formation of the asymmetric pro-
file, which is clear in Fig. 5, is not observed in Fig. 7. This is
because the asymmetric profile is the consequence of the
amplitude superposition of the independent ionization paths
to the Al ��1s22s22p53s2�2P0�d�1P0��p continuum states.

V. CONCLUSION

Given the currently developing frontier of time-resolved
spectroscopy with hypershort electromagnetic pulses, the
present work focused on the solution of prototypical time-
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FIG. 4. Probability distribution of the Al continuum states
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FIG. 5. As in Fig. 3�a�, but for magnetic quantum number M
= ±1.
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FIG. 6. As in Fig. 4, but for magnetic quantum number M
= ±1.
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FIG. 7. Integrated, over the energy �� of the ��p continuum
orbital, probability distribution of the Al �1s22s22p53s2�d�1P0��p
continuum states as a function of energy � and of time t. In this
calculation, the direct ionization to the two-electron continuum is
neglected.
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dependent problems involving the excitation and decay of
excited states in real, polyelectronic atoms, such as Al and
N3+. The emphasis was on producing quantitative results for
time-resolved effects that result from strong electron corre-
lation. For example, phenomena such as electron correlation
beats �ECBs�, where information on wave functions is re-
vealed �Eq. �3��, and excitation and decay of inner subshell
Auger states, have been calculated from first principles. The
solution of the corresponding time-dependent Schrödinger
equations was achieved by implementing the state-specific
expansion approach, introduced in �6� and further reviewed
here. In the present case, the size of the expansion reached,
after appropriate reductions �see Appendix �, more than
300 000 terms.

For the study of ECBs, which occur within time scales of
a few hundreds of attoseconds, two characteristic systems
�atom plus two pulses� were examined �see processes �4� and
�5��.

For the problem of the coherent excitation and
decay of the 2s-hole Auger states labeled by
Al+ �1s22s2p63s23p�1,3P0, the contribution of both the one-
and the two-electron scattering continua were included in the
calculation of quantities that are sensitive to amplitude inter-
ference, such as the time-dependent formation of the auto-
ionization profile �3,5�, which, in the case of the 3P0 channel
is essentially symmetric and in the case of the 1P0 channel
exhibits a Fano-type asymmetry.
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APPENDIX

Here we explain and justify the reduction mentioned in
the text of the �huge� number of coupled differential equa-
tions that result when the �1s22s2p63s23p�1,3P0��p and
�1s22s22p53s2�d�1,3P0��p continuum states with total angu-
lar momenta 2S, 2P, 2D are included in the expansion.

The approximation is based on the assumption of decou-
pling of the autoionization channel for each symmetry, which
is essentially determined by the matrix element
	2p3p �H �2s�d� from the rest. Once this channel is initially
excluded, then the system of equations for the excitation of
the Al ground state 1s22s22p63s23p 2P0 is written as

i
da�t�

dt
= E0a�t� + F�t��

L=0

2 � d�V�L����C�L���,t�

+ F�t��
L=0

2 � � d�d��V�L���,���D�L���,��;t� ,

i
dC�L���,t�

dt
= �E1 + ��C�L���,t� + F�t�V�L����a�t�, L = 0,1,2,

i
dD�L���,��;t�

dt
= �E2 + � + ���D�L���,��;t�

+ F�t�V�L���,���a�t�, L = 0,1,2,

�A1�

where E0, E1, and E2 are the energies of the
Al 1s22s22p63s23p 2P0, Al+ �1s22s2p63s23p�1,3P0 and
Al2+ 1s22s22p53s2 2P0 states correspondingly. F�t� symbol-
izes the time-dependent linearly polarized electromagnetic
pulse and V�L���� and V�L��� ,��� are the dipole interaction
matrix elements between the Al ground state and the con-
tinuum states with L=0,1 ,2.

We now define the new time-dependent coefficients

C��,t� =�
L=0

2

�V�L�����2�
L=0

2

V�L����C�L���,t� ,

D��,��;t� =�
L=0

2

�V�L���,����2�
L=0

2

V�L���,���D�L���,��;t� .

�A2�

After a few algebraic steps, we obtain the new, size-reduced,
and to a large extent term-independent system of integrodif-
ferential equations

i
da�t�

dt
= E0a�t� + F�t� � d��

L=0

2

�V�L�����2C��,t�

+ F�t��
L=0

2 � � d�d���
L=0

2

�V�L���,����2D��,��;t� ,

i
dC��,t�

dt
= �E1 + ��C��,t� + F�t��

L=0

2

�V�L�����2a�t� ,

i
dD��,��;t�

dt
= �E2 + � + ���D��,��;t�

+ F�t��
L=0

2

�V�L���,����2a�t� . �A3�

The new time-dependent coefficients correspond to the new
continuum states, consisting of linear combinations of states
with different total angular momenta, as in Eq. �A2�. The
conjecture is that the inclusion in the final calculation of the
autoionization channel does not affect significantly the nu-
merical results stemming from the transformation �A2�.
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